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Section 2 Bonus problems Due: Dec. 10, 2010

Do one of the following problems. If you do more than one, your grade will be the
highest of the grades for the problems. If it increases your grade, your best grade on
one of these problems will be used to replace the lowest grade you received on one of
the components worth 20% of your grade: either the tests or on the homework
component. To receive credit for these problems, all non-arithmetic work must be
shown and explained in your answer. Partial credit will not be given for any part of a
problem. If your solution isonly partially correct, you may resubmit more drafts of it
until December 10 and until you hopefully obtain full credit for it. You will also
receive full credit for a problem if you provide a reference to where it has been solved
already.

Consider functions f that are three-times differentiable real-valued functions on [a,b]
with f(a) =f(b).

(@) Find such anontrivia function with
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(By nontrivial, I mean afunction that makes the right-hand side nonzero. A
nonzero cubic function would be fine).

(b) Either (i) find such afunction with
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(i) provethat, for al such functions,
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b " o
f (x) dx Qusy2 f(x)dx‘ £ XW%]|f (X)|. (I believe (ii) istrue).

Consider functions f : [0,1] ® R that are continuous with (2 f3(X)dx=0. Prove
d 1 .4
that ¢) 4 (x)dx? 27473%3 O

Let f:[0,1] ® R beadifferentiable function with a continuous derivative such that
f(O):f(l):-%. Provethat () (f/(x) dx? 2(‘3f(X)dx+%.

Note: In problems 2 and 3, asin problem 1, you will earn 15 points just for finding a
nontrivia function of the type being considered for which equality istrue. In any of
these problems, you will earn 50 points by finding a function of the type being
considered that is a counterexample to the result you are being asked to prove. You
will aso earn 50 points if you can prove the result in problem 1(b), even if you can't
solve problem 1(a).
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Let g(2) =1- (Wherei = J/-1). Show that the coefficientsin
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the Taylor series expansion of g about O are al nonnegative if and only if a3 J3.

Let f be a continuoudy differentiable function on [0,1]. Let A=1(1) and let
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B:(‘;X-lﬂf(x)dx. Evaluate lim néc‘alf(x)dx- ksgk2 (k 1) C a(knzl) ;E in

terms of A and B.
Let f:[0,1] ® R bean integrable function which is continuous at 1 and let k3 1.
o
Find the vaue of I|m— j*xk<f (X) dx.
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Theorems which may be useful:

Taylor's Theorem: Assume f isareal-valued function on [a, b], n isanonnegative
integer, f™ iscontinuouson [a,b] and f ™V (t) existsfor al tin (a,b). Letaandx

be distinct pointsin [a,b] and define Pn(x) = é fo (a)(x a)kand fO(a) =f(a).

k=0 (n+l)( )
(n+21)!
In the following three theorems, the integrals on the right-hand side of the inequalities
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are assumed to befinite. Define | f ||, =& [f (" dxg and [f], —XW%]|f(x)|..
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Then, there exists a point ¢ between a and x with f(x) = Pn(X) +
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Cauchy-Schwarz Ineguality: ‘qf(x)g(x)dx‘ £.Q1f (917 dx ) lg] .

Minkowski (or Triangle) Inequality: If 1Ep£¥, |If +dl, £]fl,+]gl,.

Holder Inequality: If 1Ep£¥and 1£9£¥ and 5+%—1 then

Ifall, £1flllgll- (Thisgivesthe Cauchy-Schwarz inequdity if p = q = 2).

Integral Mean Vaue Theorem: If f : [a,b] ® R isacontinuous function and wis an
integrable function that does not change sign on theinterval (a, b), then there exists a

point c in (a,b) suchthet ¢ (t) w(t) dt = ()¢ w(t)ct.

In the following two theorems, f iscontinuouson [a, b].

If | ;and | , are positive constants, there existsapoint cin (a, b) such that
[ 1f@+1 2f(b)=( 1 +1 2)f(C).

n
Average value theorem: If a;for 1 £i £ n are nonnegative numberswith Sa; =1
i=1
and x; isin [a,b] for 1 £i £ n, then there exists apoint c in (a, b) such that
n

f(c) = S a;f(x).
i=1



